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XOMERENCLATTURSE

correction factor for linearized voloolty due to angls of attack
(ses eq. 4el)

cherd of flat plute
sound speed
center of pressure with respect to loeding edge

aerodynamis cosiiicisnt based on ons chord length

- -]
o) ro,.2
caplementary error function defined by erxfc (s} !fL—:'/ e dr
T2
exponential function defined ty exp (z) = e
vhaQ
" Uew (888 egs 5.3)
!J—;EQ— = YRex gor air, propertiomal to resiprocal of rare-
faction paranmeter 0
R
AR

moment correcticn factor (see eq, 5.6 and EYD 2720)
normal forne carrection factor (ses agqe 4.11 and HYD 2719)
quantity in mcment relation defined by ag. (5.2)

net momemrt about leading edge of piate (btoth sides), positive in
ce.Cs rotation, pe: unit of span length '
Um

< free ctream Mach number

net foree acting normal to plate (both sides) per undii of span
iength

presanre
Pl .
7 fres strean Reynolds number tased or chord b
parazetsr ©f the laplace fransfora
total fores acting tangermt to plats (both sides) per wiult of span
length

component of velocity purallel to plate
fres siream velocity

velociyy parallel to plate from lineerised supersonic rlow theory
(see &g, 4»1)

cooponent of velocity nurmel to plate



NOXNBENCLA TURE (con'd)

x = gourdimmite aloryg choard of plate
\g = coordimaeie nermel to plate

= = arngle of attack; racdians

e,

o}

= slope of the displacemerni thickness functieon

g = 1,4 for air, ratio ~f spscific heats

g e Aiaplacamart, thickness functian

8 = ;; lU non=dimansionsl diatance

A = 1.5 % (aprrax.) for sir, melesular mean froe path

" = pJ, oecheniecal viscoslty
H . pin 1/¥,, o Mash angls

v a Xinecstic viscosity

P - @c denslyy

subsosipty
i = 1, vpper suxrined of plate; = 2, lower surface of plate

L = free sizean sanditiom
D = drag

L - UM%

U = poeert

N = nermal to plate

T = +angentlal to plate
S

1 = veloclty perturbations

- = laplace tranaforas



Repourt No. HB=150-58

CAFETIAL ABRODINAMIC PROFERIIES FOR AN
ARELINSD X¥IAT PLafis AN SLIP FION

1.0 INTRODICTION
Zoe theary initinted Wy Ref. 1 concerns the drag coeificlent

for the 7lat plate at zerc angle of attack iu ths slip-fla regime of

asrcdymriy ‘cs, Exporimental veritication of the btasic results X whis

theary wag obltained irn Ref. £ in which meecurements of the &g cosiii-

cients of flat plates vere reported, covering il conditions 2.3 <Mep <

306y 30<30,,<185Q, and 0,08 <M,/ We, < 0,39 (2,2 {‘E’.;,I,H <1243,
=0

It 1s the purpsss of this amalysis 1o iuvestigate the aero-
$rramic properties of a thin flat plate at amll positive angles of
attack aleng the lines of that theary. Specifically thie amalysis
studles the drag, 1ift, and mament on the flat plate opwrating in air
under slip-flow conditions at very amall angles of attack. The analysis
wag 8implified Yy first mssuming thet ideal linearized superscnic flow
conditicns obtained near the plate, and then mldng first arder correce
tions for the effacts of viscosity and slip and for ths angle of attack.

2.0 EESULTS

The results of the analysis are contained in the quartitdes
C.s the tangentinl force (i.e. eida friastion) coefficient; K., the nor-
nzl force correction factor; and X, the Dement correctica fhstor- The
correction factors refer iz tho noTmal =nd moment coeffici=ats of UWse
flat plate as determined Ly ideal linearized svmersonic flow thewxy.
Graphs of Cp, K, ard K, versuws [Reg, /Mg, the reociprocal of the rare-
faction perametor, for M= 2, 3, aunu 4 .re presented in HYDis 2718,
2719, and 2720 respectively.

The aerodyramic coefficisats C
&8 functions of X up to terme of the {irat Ceils
ing results. The tangeatiel force coefficlent G, i1s indapondont ol &
but varies almost directly with the rarefaction paraxeter in tiws s2in-
flow regilon, The normal force coefficlent C, is proportiamsl to & apd
t5 Ky, but the faotor Ky does uot differ appfecistly fros wnity at azy
rerefaction rondition (in tmot, by lesa than 20% provided ¥ = %/s |
meoent ccofficient CH hes almost ths ideztical character of B.‘. From
thase gonsiderationa there resulie that if of 1s of infinitesimc. c¢xder,
the idrag coefficleit Cp 1s indspendent of ® and may he taken e;=l 49
Cp evelwated for zerc angle of attack,
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Ca tWie other hend, the 110h coefficlent O: is properiloncl
to X and dependn =trongly upan & negative contribution due to fr wkion
becanoes increasingly significant at ths higwr-aliitude operatdug cune
ditions. Howaver, i% appears tiat the 1ift cuwrve alope rxlx/dc( ne O™ 0,
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BYD 2721, 15 mlways posilive and toude deireasingly 1t *?:rl its .inlmm
at the higher-altitude. higher-spesd nonditions, A"‘* sording 40 this
amglysiz, the centar of pressza £alls ‘ust forward ot, b'-.xt espar tia.lly
at, ths ha,u-f’ho*a poaition &t all altituds conditicns whem K = 2,

The fricticn furce funmztion T(r) due t3 viscosifs acts tan-

gent %> the pliats a:rface and 18 defined for one sirfaze of the plate
and 4 usmstant o be

Lengty. acting on the upper s
i f Ref, 2, part I7, as

e - — ]

A Sorresp.nding relation is fuimd £ T. -2 the Ziwer wurfause

Ths total shear force per writ cf asparn fength is thas given

by
T (3.2)
Sivus T. and T, are functicns of ti: gngle £ atdagx K, the quartiiy
T 15 a)¥r. Hefle for valives ¢f X zear X : (; T my % rrima' as
| P 2
Tl =T(0) + THolx + = T(C)oX"+ ---
wisoe the primes denote differsntiaticr witl respe.t te X, Onuly the
tirst twe tsrms are retaiped, and upcw subetituilon of 3, (2.7, T (&)
=ay be writter as
. 0T, dV 6Tz d Uz )
fog V= 0 . . - (__..._..,.-__L R 2
Tix}= 7o) + T,(0) ~ 21, dx + 2 U, g - (3.2)
20
¥rer X = (. it 18 readiiy seea *+ha*
du *
Tl ol = T,(0), ELIB_TE' . ond = =~ Ll
* ¢ ol 2V, g dox
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By employing these relations in €3 (3e3) 1t 18 found, £8 might have
been expucted, that wp to terms of order & , T(X) reduses +o

Tix)=Tlo) + 7,0} = 271, (o)

Thus, the totsl tangential force on ths p]ata is essentislly constant
¥sT & small rangs of & =meer O = Q, It 1% given for eath unit of
span length by
il | .
. ,un o ! o/ Wb \ i l/”’W b . 2 /r-‘-‘T.l )
i | ERD PRITE T = o e ) e 85
R \TA® U/ My Eig J (3ed)

Fore gas with U = 1,4, it 48 known that AC = 1.5V
(Paf. 3 ps 214, KR); hence,

R
o= =t (3.5)
MUp 223 *

Bquation (3.4) may now be written in the more convenient fozu in the
case of sirt

i
ZJWI

[ 2 8 2
= A - 8 ‘ j oy
T {2 pU;b- {wm.}; [up (o Yerfe (J) Hff | (3.6)
o

The cuentity in the second set of braces is the tangential
farce coefficiart C.. A graph of CT versus y‘bs M for K =2, 3
asd 4 13 shown in HED 2716,

FRMAL FCROE

In order to compute the farce acting normal to the plats,
the pressmure coefficient on the plate is aszsuxed the same asz thet on
a8 body in ideai linearised superso flrw, hayving ihs shape determined
by the ddsplacemsnt thich:ouen (x) end 3 (x) om ibs wpper and
lower swwiaces reopectively, Az -in ha ahnwn 4n +tha ~ara of alic flow
ay smell angles of attzek, this "disnla.eassnt’ body will havy, essen-
tis1ly, & sharp leading sdze (deterrined tw 5 (0) = 1/1,5 N, far a ges
having ¥ = lol)e 7Yhis implies that nc assuertions nead be mads cone
cerning the prsesnce of a norml shock wave at the leading edge of bhs
“ splacemsot bLody, as may perbaps be nscessery in the cess cof no-alip
flowe A8 in the evalmiica of the tangential rovrce, all effects that
way occwr n the vicinity of the sides and trailing odge of the {lat
plate are omitted hasre. 7The shapy of e displacemsnt beldy in &ster-
zined from the wnifora parellel velocitles Ul end U2, above and below



ihs plate I‘GBPBUT«JNUJ.Y, of iRl linsarised two-girsnsicne] smravseonin
flow theory for the flat plats, am f¢llown.

The veloully cagnents ‘Refs 4, cB, 11) comtributing te
the resulting ideal velionitiss Ul and Il., axre showm i= 5/E 2717, ‘J._L and

T: are wifara and rarellel tc the plnn w.tn

Csine sinialed}
coslifs )

b — ' -~ ~ Y
vy U,;\.ODH ch

Y
[=F4 5N

sin X sin {p'~)

Uy = UgCOSX — U
: * @ cos | p-t)

Oy reans of elementary trigcomstizio relatione and the reletion
sin j'= 1A _, thess recuse to

Voo here a =cosa sin
! o | / M! -1
u_d ! - ;
S \Zul)
- U Sin
Vp= —= , where 0,= cosx + ———
C, M.~ |

Because ths normal fores 15 ¢ % svalwmted only wp to
terzms of order X , the substitutions ces X = 1 Xs X
mmdatthiapadm,*vt,uﬂllbom,tthudu-tomnm-
tial siwplificaiicn of the amalysis,

Tus displacament thicknsass ° (x] along e sirfmce of
the plate is deterained by tha velooity datribution u(x,y) for that
surface, ag fallcam, A flat plate of ch@d D iying umg i x=ax 5
with the leading edge as origin 1s visualised; over wnish ix r.wn.ug
mifora strea=m with velosity U paraliel t¢ ibe piats swisce in W
rogitive x~directicn, The steady two-dimensiomal boundury lsyer
tirmf)m-tneveloctycctpmﬂuudeﬂnm is (Raf
Pe 135

U 2ty

. —_— ¥ .a_u._:L} i 3

[ 4

This eqution is linearized %y cundidering & pertwhation v on the
wmifors valocity U; viz,

weteu wtnlu] €< v

i | i
v =Y with%v‘t&-tn
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tions imto eg. {4e2); ‘...,nnd..n; afd neplect-

Upanr auwb#iifuting the &15
10 the psrburietion, thers re

thess T
lng teims of sacond order

0. »2u’

At tho surface of tha plate elip-flow theory for diffuse -~eflscticn gives
iko bourdary condition (Refo 1)

3y
U+u":>t"57 y O

i

X y ¥Y™O Y

Bqmtion (463) rith boundary ccndition (4.4) can e solved
fur tbe perturbation velocity u “{x,7) quote comvanierily by mears of
laplace transfores defined Y4y

@ ¢]

?m>£=/l‘“ f(x) dx

The transforms of 838, (4e3) and (L.) ase

of &
H —-i - \ 1] i
s u = p \,,'z (4.3)
n -
%TT =\ :—:‘~3 y=0 {bek)

ntlal cquetion with bommiary aon=-

Eqution \5.1) is an exdiuary dlflers
solution

dition (Les) ard has the guoeral &

The requiresent ihas u and henca n eall vanish fox
2 S Ly .

]arge"izrlisthatc = 0o 'baccnsmuzxaaswmw v
bowrdary condition \AJJ hance,

s | YRS
+— XD - | IJ y
— i 5 ' J -
w (sly) = — - — \bo?)



I2 required, the perturbation u (x,y; ey be found ly spplying Ref. 6,
p. 300, no, 85 teeg. (4:3).

&
Tus displscsment thickness § (x) dsfined by

]

t
s S ey =/ - gy
J bt U
o

Bag in view of eqe (4e5) the travsfara

/ /3 e/ UL )
(i35 ** )

TU'
F(V‘r' +157)

By means of Ref, 6, p. 297, no. 45, tha displacemsnt ithickness slumg
the plate surface is fourd to be

. - ‘
* i U X %1 2 Vs j
ZA [ \ B R ;
3 (x) | exp\ﬁ, arfe (FJ;—)‘ ‘J) i = L"r"! Y J! (446)

It may be of interest to podut out that tae displacsssnt thielrans g
the case of slip fiow is not parabclis asx it .8 fn the case of no-siip
low.

Tke slope 3 {x) of the displacemect thickness will be
particularly required ir evaiwating the awenmt of the forces on the
plate smrfree and 4s found directly from eg. (446) to be

o X ) ux\ : ( Ux'\
i) — exq —_
T TV AR ST a7)

J
s, B (x) 15 a decreasing fupetion of x swith itz mdmwm ,,(-/u
cecwrring 8t the_leading edge (i.e, x = 0)s Par air AC = 15 4¢

herce, £(0) = 1/1,5M. This iwrliss thet, for moderate Mach mbers,
the nose of the diaclncemnt bady appsars 2hayp in th2 approximate

thecry being presentad.



The flat plate at the sral) angle of attack & with va-
apect to tas uniform stream of valccit-y Uw Will nave on itz wpper s~
face the displacement thickness B * (x) given ty eq. (4.6} upsn svbe

stitubing far U in eqe (4.6) the quantity U, of eqs (Lol)t

1
* v xg, UG, 2 o, |
3 (x) = ) [ex \Erlc( 5 ~) = ! )
! p(x'uwf r)«Um) r ,?_uij Leet)

Correspond ingly, 82’ \X) is obtained for the lower swiuce. Ths glopes
Elcx) end 8 ,ix) are not large at x = 0 and decrsase fairly rapidly
with x, nence, the appreximations Bl\ﬂ = ”*[3., (=} =nd S8 ﬂ(,i)

= tan 5 »{x} are valid over most of tko plais,

A1 sxpression far the net force N per imit of span lengta
ecting norzel to tho plate surfaces is now found frcn Eef. 4y PPe 198~
<00, as

|
N:—é- LU Z V___, 2(:)-,@,(:)‘#2&] dx

_._._o ¥ ( dxt Tz__r (b) 8*(b)_J (4:9)

A in the oase of the ntisl force T, only the first two terms of
ths expansion of ¥ = N(X inapczeraeriasiqut etowt X = 0 aye
retained, Thwm, Flx ) = N{0) « X 5'(0) (D) becauss ths con-
stamt tarm F(0) vanis shes wpan putting o = 0 &y 8q. (4Le9)e In view of

' |

»81(b) 551 b) do,l ep(db Varfel |22 (L)

—._.—-—_l = — —-—-'-| - X e /ef C LN )

end

— - +

‘aa’EHJ‘)E_[BB\ ) 30;] - Jb . / )erfc(ldb ( { \

— ,._ - — —— ——— —— o r—r———

I SR I % A Ug \ A’um EM?:T' /
®=0 <=0 ®



the narzel farss, 2q. (4.9); Decomes

. fi 5 Dlrﬂq [\ o Jb\er 7 ub ’\7,

N = Fi_‘— ex l ! ¢l ‘} H
l\ 2 J ’h‘m L A U ||l11 -1 \}‘ ]‘ \\akz U / —‘!

4 aoens of ag. (3.5), N may ba written in the case of air as

N

r f . ~

N b 0 l;eh.l 3 % |+ —— exp (J)erte (J ; Jyed
] oy e = | E - 50) { (-bc-LO)
K2Rt M- 3 M [ME - |

The quntily in the second met of traces is ths narmal
Jorce ocoefficient €, of the flat pla*e Incluvding viscosify and alip

e2lcecta. Yhs quan‘bgty qo(/d g is tha naml forece coefil.

tient for the flat plate in t.he l1deal two-dimensicnal superssnie flow
(el 4y po 200): Thus, the fastor

Ky = |+ —eeee exp (JE ) erfc (U ) {4011)

¢ resents & correciion Lo e 1Gsal ooranl forcs scafficient 40
aceinmt for viscosity and slip. A greph of K 73, 4TIV, G {
.. =2, 3, 8ed 4 is shoen & HYD 2719,

SIRURIN A

Ut
™
C

The center of moment?, is taxen as the lesding edge of
S piste (x = 0) erd the masent is considered positive if the sero-
"-.f:_ir' forces tosnd to0 rotate the plate in a comterclosioniaze dires-
“dcle The taagential stress cantributss nething €0 the moment beecause
“'é) plate thicknsss was asgumed to be zerc, The moment per wilt of
o length 48 then ziven W (Ref. L, p. 201)
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-—

2 + B (5i —gl(.)_l éa

[ 1 {5.1)

I I ay
= {? :w\me‘h — Lq + mz(‘%'] -mllq)-lj

! I -4 N 4 :-. ~

By moans of egBe (345} (4el); (4e7), and the substitutiom 9-'.);015-1
eqs {5.2) bacomes b
Lo

'“L(d‘\f:'%' }-‘: Gexp (6) erfc ({81 08

% Vi

This may be integratsl Iy paxits wiith the result

‘b Ht \-]
. =..'\J_l:( ool } l'fCAH"\-}-I 2":“ -1 .

~

‘tpreﬂi-.l'i a, and a,; 1s glven 1n aq. (4al}o

Ac in the pyeasding cases. only tho firet t5o werme of
the series expansion of M = X(X Y in a power series i3 of abouwt o0
are retained, The constamt term 48 sesn to vanish, since in eq. (5.1)
B qlx) = Ez(z} vhes X = C,

In view of the relations

(2m0) L (emo ML 20 ) | (e

3 =0 2H, 30, 3% 0 M-  “&H, «=0
,amzy _( %mg _-bh'! 'ch\ ____..g__ (_Eg_\\
VO fag AN My Bo! D /cuo - A ng jc{uo



«10=

anda
! 2, i = / o )
N\ a"‘"‘] /.C( 0 \ OHZ e

the moment given bty aq. {5.1) bscames, wp to araer X .

\

F
| 2 2 2 & 2 Ja / dmy N
M={ = peoUss b ‘} L [}+ J } p
{ 2 ® M ) [h?:-i F-M,;".l \ OH,l duo (/Dﬁlt&)

J

om,

The quantity ( ST )fi:c my be calzulaied directly from ege (5.3)

and upon subatitution irmto eq. (5.4) together with the relatics

>

H

A { ith §=1.4
- P0r 0 QO3 wi 149,
5 IMeIL ?

yields the final expression for the momenot about the leading edge in
the cage of eiri

3 r
L 2 [ - 4 |
1 'ME - BJO:MQ"MZQ | L

/ 2 \ 2 2o | Ve
'\uw‘Jm + 1) exp -\Jm)erfc(.}mﬁ-.f—ﬁ*(-s , ‘$ (565)
2
The quarntity ,/GZEZ-T ir the zoment coefficlent

for the fipt plate aecoarding to fdeal lineaizad supersonis thsory
with the lsad.;r.g edge os momsnat center. Thus, the factor

1
I

I 88 in 8ge (545!

X
<
]
4.
LY
- —
~
N
»
o}
o

sepresents & correction to be applisd to the ideal momeul ¢oellliclemt
to acrowrt for viscosity and slir. A graph of K, vS. {Rsy A, for

¥ =25 3; and 4 is shown in YD 2720,



wli~

.t ; and xi ars pufficisat to describe
the wml asrodymiunie propartics of the fls

3 % plate opersting iz alr 2%
gi?en wlar af & B !513 and fg‘ﬁ;/iiie The drag ooefficiers Gg an
the 1ift coeffisiant 8 are glvan Wy

C; = Gy cosa+ Cpsina = Gy (651)
i
el P' 13 i ot / qK~ &
L = C,‘cose. Uy 8inX = ( ,;..‘*,--.-:'H-CJ = {6.2)
.l

Theu terms only ® to0 order K ue retained (1.0. of iafinitesiml).
The rapha of (—d&g?-)dw , EYD 2721, show it to be betweun Uall And
231 e ol WM, provided 2= M, =4,

Tis momerd coefficient with respsst to ths lmading edgs
is glven Iy
2« Ku
Cu = T—=— (6.3)
g ) YL )
Ths center of pressima; 8.p.; with xfarence 45 the
leading adom i Fiven tw

In the ideal 1! #ezicad theory the cenmter of presmue fnlls at ks half-
chard position.

Calouintinna ot 0eps ascordiug 40 eq. (0.4) show it 40
be slightly formrd of toat locatdon; in faot,

-
——
—

(o]
o
(s 4}

T

-
Vo

0457
A &)

Sy
rJ
[
f
<
¢
n
QO

Thee; the certey of presame remains ezsentlally at the mlf-chord
pouition wimn WoR plats iz cpormc

w:i2ting vrdar alin.lrw rorndiddonta

The asymptotic forma of CT,IH, sad !
szd [Rs, Mg —> ® are listed below. Thoss

axm
el



_ vaa 4
samputation prrpeses, but should not be nonatrued as being vaiid in the
fres-molesnls and continmnm-flox regions respsatively.

| /Re fRe,
@™ [» .} |
1
8 ( I 4Jg, ) 16
c o ——
T Mo 3T 3V JpnMop
2 Jo
] 2 I- —
i _— ( f ) - 2
R IM o M -1 3T JgM e IME-)
2 12 J \
2 (1 - F 4
f 4 <
u e IM, TME -1 N JpMupME -1




«l3=

-3
)
9]
(]
3
-
3
-4

3
el

l¢ The flatepinte aiip-flox theary of Ref. 1 has Learn ex-
tesded to inclide tre zovodymenic cosfficlents Cyp; Oy, and Oy at vary
ex=11 anglem of attaak.

2y Ths cesfiicisuy Cp &t small anglss oF atiask wmay MW
takan equal to the skin-fristion coetXiclant as preserted in Ref. 2, part II.

3¢ Ths siin-fristion stresses tsnd o recuce Gy at high
2l¢i4vda. higheapasd conditions.
Le The mcaent cosfticienmt Cy will not be slgnificanily
greater in slip flow then 2 O / YL =T ' ~, its vale derived from ideal

linearized two-dimersiopal srpersonic cantinmmm-flow theEy.

5¢ 1n genersl, except for the akin friction cocifiolent,
ths corrections 4o be applied to tae aerodymamic formulas of linsarised
supsrsonic theory, which account for viscoelly and slip, will not e sig-
nifiecant in the p-flow region of aerodymemics, The correction fEoigys
irvolved vary between 1 sand 1.06 wher 2 & Moo £ 4 and 245 § y e /M ™ 12,5,
conditions *ypical of operation in the Boe 3 ad Tumnel (Ref; 7).

HEGH 21, 1952 - S. !‘. ICK
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